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A novel technique for rank estimation in 3D multibody motion seg-
mentation is proposed. It is based on the study of the frequency
spectra of moving rigid objects and does not use or assume a prior
knowledge of the objects contained in the scene (i.e. number of
objects and motion). The significance of rank estimation on multibody
motion segmentation results is shown by using two motion segmenta-
tion algorithms over both synthetic and real data.

Introduction: Given a matrix of trajectories W2fxp, where f and p are the
number of frames and tracked feature points, respectively, the goal of
motion segmentation approaches is to cluster feature points into different
motion subspaces (i.e. features belonging to the same object). Some of
the proposed techniques are formulated under the framework of factor-
isation methods, where the knowledge of the rank of W becomes an
essential piece of information for solving the problem. In most of the
cases it is assumed that tracked feature points are visible along the
whole video sequence, giving rise to a full matrix of trajectories.
However, trajectories are often incomplete or split owing to objects
occlusions, missing on the tracking or simply because they exit the
camera field of view. In this case two different problems are faced:
first, the unknown entries in the matrix of trajectories should be filled
in using some imputation technique, and, secondly, once W has been
filled in, feature trajectories corresponding to the same object should
be clustered together.

Imputation techniques allow recovery of missing entries by imposing
a predefined rank value or assuming some prior knowledge about the
number of objects contained in the scene. For instance, [1] proposes
an approach able to deal with missing data in the multibody case. It con-
sists in fixing the rank of W to five and applying a factorisation tech-
nique to project the point trajectories from R2f to R5. The problem, as
is presented in this work, is that motion segmentation results are sensi-
tive to the assumed rank value. In this Letter, a novel technique for esti-
mating the rank value of a missing data trajectory matrix, in 3D
multibody motion segmentation, is proposed. Two different multibody
motion segmentation algorithms are used to show the importance of a
proper rank estimation.

Rank estimation: A direct technique to estimate the rank (r) of a matrix
of trajectories with missing data is presented, instead of assuming a pre-
defined value or a prior knowledge of the scene. The intuition behind the
proposed approach is that, since feature points belong to surfaces of rigid
objects, the frequency content of W should be preserved after filling in
missed entries. In other words, the filled matrix should contain a fre-
quency spectra similar to the one of the input matrix. It works as follows:

1. Select a range of possible ranks (see ‘Note’ below), r [ fr0, r1, . . . , rmg.
2. For each rank, fill in the given input matrix by using an imputation
technique (e.g. the alternation technique [2]).
3. Compute the error:

e ¼ kF� FrkF ð1Þ

where F is the modulus of the fast Fourier transform (FFT) of the initial
matrix W and Fr is the modulus of the FFT of the filled matrix corre-
sponding to the current r.
4. Repeat until a local minimum of (1) is found.

Note: In the implemented version the lowest bound of this range is set to
five (r0 ¼ 5) and the highest bound is automatically defined by the first
local minima in the error value (1).

Multibody motion segmentation algorithms: Once a full trajectory
matrix is computed, feature points belonging to the same object are clus-
tered together. In this Letter, the code of two 3D motion segmentation
algorithms [3], publicly available at http://www.vision.jhu.edu/db/
have been used: (a) generalised principal component analysis (GPCA)
[1]; and (b) local subspace affinity (LSA) [4]. As mentioned above,
[1] proposes to apply a factorisation technique to project the point trajec-
tories from R2f to R5, independently of the number of objects; then
GPCA is used to cluster trajectories. In addition to GPCA, [3] proposes
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to use LSA but by assuming two ranks; one choice is to fix r ¼ 5, which
at the same time is the dimension used by GPCA. The other choice is r ¼
4n, which implicitly assumes both the number of objects contained in
the scene is given (n) and their motions are independent. In the experi-
ments presented in the following Section, four different variants are
considered to compute the multibody motion segmentation, when the
given matrix contains missing data. GPCA (r ¼ 5) is applied to the
data projected into R5. LSA is applied to a filled in matrix, obtained
with an imputation technique (the alternation technique has been
used) assuming different rank values: (a) r ¼ 5; (b) r ¼ 4n; and (c)
r ¼ rFFT (where rFFT is the value estimated with the proposed technique).

Experimental results: Synthetic and real data are used to empirically
validate the proposed rank estimation approach. Additionally, a study
of the robustness of motion segmentation results with respect to rank
values is performed by using two public motion segmentation
algorithms.

From a given full matrix, missing data are automatically generated by
removing parts of random columns, simulating the behaviour of tracked
features. Considering different percentages of missing data, five attempts
are repeated and the percentage of bad-clustered features over the total of
features in W gives a measure of error in the clustering.

Fig. 1 Synthetic objects

a Cylinder
b Beethoven bust
c Feature point trajectories of sequence with nine objects

Fig. 2 Sequence with nine synthetic objects

a Rank values estimated with proposed approach for different percentages of
missing data
b Error obtained in clustering considering different percentages of missing data
and for different variants of LSA (r ¼ rFFT, r ¼ 4n and r ¼ 5) and GPCA

Synthetic data sets are generated by randomly distributing 3D feature
points over the surfaces of a cylinder (Fig. 1a) and a Beethoven bust
(Fig. 1b). Taking these two objects, different sequences are obtained
by performing rotations and translations over both of them. At the
same time, the camera also rotates and translates. Different numbers
of cylinders and Beethoven busts and different motions are considered
in order to generate sequences with several objects. Owing to lack of
space, only a sequence of nine objects (four cylinders and five
Beethoven busts) is presented in the synthetic data experiments.
Obtained feature point trajectories are plotted in Fig. 1c. The rank of
the initially full matrix is 25. Fig. 2a shows the rank values obtained
with the proposed approach. It can be seen that the rank is quite well esti-
mated even with 30% of missing data, which is a very remarkable per-
formance considering the large number of objects contained in the
scene. The error obtained in the clustering with the different studied var-
iants is plotted in Fig. 2b. It can be seen that LSA (r ¼ rFFT and r ¼ 4n)
gives smaller error than GPCA, for any percentage of missing data. In
the case of LSA, the error obtained when the rank is estimated with
the proposed technique (r ¼ rFFT) is in general similar to r ¼ 4n.
However, it should be highlighted that with the proposed approach, no
prior knowledge about the number of objects contained in the scene,
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nor about their motion, is used. The error obtained when the rank is fixed
to 5 is very high.

Fig. 3 First frame of two sequences (feature points are marked)

a Checkerboard sequence example
b Traffic sequence example

From the benchmark presented in [3], two sets of video sequences,
containing three motions, have been considered: 13 video sequences
from checkerboard sequences; and five video sequences from traffic
sequences. Fig. 3 shows first frames of two sequences, one from each
set. The estimated rank values obtained with the proposed approach
are plotted in Fig. 4a. As can be appreciated, the rank takes different
values. This is because the motion and shape are different in each
sequence. Therefore, it is expected that the results will be more accurate
if the rank is estimated than if it is set to 5 or 4n (12 in this case) for every
sequence. Fig. 4b shows the error obtained in the clustering with differ-
ent variants. It can be seen that, as in the synthetic experiment, LSA (r ¼
rFFT and r ¼ 4n) gives smaller error than GPCA, as was pointed out in
[3]. Focusing on the LSA, error values considering (r ¼ rFFT) or setting
(r ¼ 4n) are similar. However, if the rank is set to 5, the error obtained in
the clustering is very high.

Fig. 4 Real sequences with three objects

a Rank values estimated with proposed approach for different percentages of
missing data and for every tested sequence
b Error obtained in clustering considering different percentages of missing data
and for different variants of LSA (r ¼ rFFT, r ¼ 4n, r ¼ 5) and GPCA
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Conclusion: This Letter presents a novel technique for estimating the
rank of a multibody trajectory matrix, which contains missing data, as
well as an empirical study about the relationship between motion seg-
mentation results and estimated or assumed rank values. It is shown
that the error obtained in the clustering when the rank is estimated
with the proposed approach is in general smaller than that obtained
when the rank is set beforehand. Moreover, it should be noticed that
with the proposed approach no prior knowledge about the scene is
used (such as number of objects in the scene or kind of motion).
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